Stability and Convergence of Relaxation Schemes
to Hyperbolic Balance Laws via a Wave Operator

(In: Journal of Hyperbolic Differential Equations (2015), 12-1, 189-219.)

Alexey Miroshnikov* and Konstantina Trivisa f

Abstract

This article deals with relaxation approximations of nonlinear systems of hyperbolic balance laws.
We introduce a class of relaxation schemes and establish their stability and convergence to the
solution of hyperbolic balance laws before the formation of shocks, provided that we are within
the framework of the compensated compactness method. Our analysis treats systems of hyperbolic
balance laws with source terms satisfying a special mechanism which induces weak dissipation in
the spirit of Dafermos [11], as well as hyperbolic balance laws with more general source terms. The
rate of convergence of the relaxation system to a solution of the balance laws in the smooth regime
is established. Our work follows in spirit the analysis presented in [1, 14] for systems of hyperbolic
conservation laws without source terms.

1 Introduction

Relaxation approximations of hyperbolic balance laws is of essence for the investigation of models
arising in continuum mechanics and kinetic theory of gases, and serve as a ground stage for the
design of numerical schemes for hyperbolic balance laws. In this article we introduce a class of
relaxation schemes for the approximation of solutions to the hyperbolic balance law

d
O+ Y 0, Fi(u) = G(u), u€eR", (x,t) € R? x [0,00) (1.1)
j=1

and address the issues of stability and convergence.

The class of relaxation schemes introduced in this work are of the form

d
ou + Z 6mjvj =0
= (1.2)

1
atvi—i—Ai@gciu:—g<vi—Fi(u)+Ri(x,t)), i1=1,...,d
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with v; € R™, A; symmetric, positive definite matrix, and

1o
Ri(x,t) = d/ Gu(z1, ... Xie1,2,Tit1, .. -, xq, 1)) dz. (1.3)
Excluding v; for all i = 1,...,d from the equation (1.2); we obtain
d d
O+ 37 00, Fy (w) = Glu) + & (D Ajtta,a, — un) (1.4)
j=1 j=1

that approximates the system of balance laws (1.1). For the relaxation approximations considered
in this work the stabilization mechanism is the regularization by the wave operator in (1.4).

The convergence properties of relaxation systems and associated relaxation schemes for scalar
conservation laws are presently well understood (see [2, 8, 14, 17]). When the zero-relaxation limit
is a system of conservation laws, the dissipative effect of relaxation is often subtle to capture, yet
there is a vast literature on convergence results in that direction (see [1, 23, 21, 28, 29] and the
references there rein).

By contrast, the relaxation approximation of nonlinear systems of hyperbolic balance laws
presents major additional challenges and it is the subject of current intense research investigation.
It is well known that standard methods that solve correctly systems of conservation laws can fail
in solving systems of balance laws, especially when approaching equilibria or near to equilibria
solutions. In addition, standard approximating procedures produce often unstable methods when
they are applied to coupled systems of conservation or balance laws. Even at the theoretical level,
the presence of the production term (source term) in the equation results to the amplification in
time of even small oscillations in the solution. Due to these challenges special mechanisms that
induce dissipation are often desirable and have been proven effective in obtaining long-term stability
(cf. Dafermos [11], [12]).

In the present article we identify a class of relaxation schemes suitable for the approximation of
solutions to certain systems of hyperbolic balance laws arising in continuum physics. The relaxation
schemes proposed in our work provide a very effective mechanism for the approximation of the
solutions of these systems with a very high degree of accuracy.

The main contribution of the present article to the existing theory can be characterized as
follows:

e A new class of relaxation schemes (1.2) is introduced. The novelty of the relaxation systems
proposed in this work lies in the introduction of the global term {R;(x,t)} in (1.2)-(1.3).
The presence of this term in the relaxation system allows us to relax both the flux and the
antiderivative of the source term simultaneously. We refer the reader to the article [19], where
a relevant idea was proposed for the numerical treatment of shallow water equations. The
present article is the first step towards the construction of fully discrete schemes and the
development of numerical methods for the approximation of solutions to complex nonlinear
multidimensional systems of hyperbolic balance laws arising in applications. Our analysis
provides a rigorous proof of the relaxation limit and a rate of convergence before the formation
of shocks.

e A comparison is presented between the relaxation system introduced here and an alternative
relaxation system for which the source term G(u) appears in the right-hand side of the first



equation (see (7.1) in Section 6). Note, dealing with (7.1) one faces arduous challenges. More
specifically, the time derivative of the source term appears in the energy functional posing
enormous challenges in the analysis, an additional hypothesis is required for the establishment
of stability (see (H7), Section 6), the issue of compactness is problematic.

The presence of a source term in our system requires us to modify the relative entropy
method significantly. The modified relative method presented in this work relies on a relative
potential (Section 8). The introduction of this concept is required in order to deal with the
source term G which typically satisfies no growth conditions. The relative potential assists in
“tracking” the contribution of the source term; it becomes a part of a Lyapunov functional
which monitors the evolution of the difference of the solutions and enables us to establish a
convergence rate of order O(g?). In the case of the general source G the terms associated with
the source are treated as error (cf. Section 6.4).

The reader should contrast the relaxation system presented in this work with other relaxation

systems proposed in the literature [16, 17], where relaxation approximations to hyperbolic balance
laws were proposed and rigorously established. In [16] relaxation approximations are constructed
by the introduction of special variables the so-called internal variables. In that setting applications
to physical systems in elasticity and combustion theory are presented. In the former case, relaxation
is introduced via stress approrimation, whereas in the latter case via approxzimation of pressure.
Reference [17] treats the Cauchy problem for 2 x 2 semilinear and quasilinear hyperbolic systems
with a singular relaxation term and presents the convergence to equilibrium of the solutions of
these problems as the singular perturbation parameter tends to 0.

In the center of our analysis lies the entropy structure of the balance law and the dissipative

nature of the source term. The main ingredients of our approach can be formulated as follows:

e The representation of the global term R in the formulation of the relaxation system enables

us to obtain the stability estimates in Section 3. These estimates are used subsequently to
establish the stability of the relaxation approximations and in fact justify the dissipative
character of our systems.

The entropy structure of the balance law provides the basis for the use of the compensated
compactness method. Recall that a pair of functions n = n(u),q = ¢(u) are called the
entropy-entropy flux pair if (7, ¢) solve the linear hyperbolic system

Dg = DnDF.
In Section 5, we show that the relaxation approximations satisfy
O (u®) + 95q(uf) C compact set of H, 1 (O)

for a certain class of entropy-entropy flux pairs 17 — ¢, which is one of the main ingredients for
the establishment of convergence results within the compensated compactness method (cf.
Serre [24]).

The Lyapunov functional construction in Section 8 relies on the relative entropy via a Chapman-
Enskog-type expansion and is used to provide a simple and direct convergence framework
before formation of shocks as well as suitable error estimates.



e A physically motivated dissipation mechanism associated with the source term in (1.1). The
concept of weak dissipation for hyperbolic balance laws was introduced by Dafermos in [11].
The reader may contrast the result of Theorem 5.3.1 for weakly dissipative source terms with
Theorem 5.4.1 which corresponds to the case of a general source.

The outline of our article is as follows: In Section 2 we present the basic notation and hypothesis.
In Section 3 we present the stability estimates which yield the stability of the relaxation systems.
The compactness properties of the approximate solutions are discussed in Section 4. Section 5 is
devoted to error estimates for smooth solutions via the relative entropy method as well as proofs
of convergence. The multidimensional case is treated in Section 7. Section 8 presents applications
in elasticity and combustion.

2 Notation and Hypotheses

For the convenience of the reader we collect in this section all the relevant notation and hypotheses.
Here and in what follows:

1. G,R,F;, i = 1,...,d denote the mappings G, R, F; : R — R™. In our presentation,
G(u), R(u), F;(u) are treated as column vectors.

2. D denotes the differential with respect to the state vectors v € R™. When used in
conjunction with matrix notation, D represents a row operation:

D =[9/0u',...,0/0u™.

2.1 Entropy Structure

Some additional assumptions on the system (1.1) read:

e The system (1.1) is equipped with a globally defined entropy 7(u) and corresponding fluxes
qi(u), i =1,...,d, such that

7 :R™ — R is strictly convex,

Dn(u)DF;(u) = Dg;(u)

BI < D?*n(u) < %aI, ueR", for a,8 >0,
n(u) = 1(0) = 0, Dn(0) = 0.

(H1)

We recall that 2 x 2 as well as physical systems of hyperbolic conservation laws are always equipped
with an entropy-entropy flux pair. The same holds true for symmetric hyperbolic systems [12].

2.2 Subcharacteristic condition

The Whitham relaxation subcharacteristic condition presented below will be essential for the dissi-
pativiness of our system [2, 12, 15, 17].



e (Case d = 1. Systems with a strictly convect entropy).

For aw > 0 in (H1) there exists v > 0 and symmetric, positive definite matrix A such that
$(AD*n(u) + D*p(u)A) — aDF(u) 'DF(u) > vI, uweR™ (H2)
The positivity of this term is required for dissipativiness in Lemma 3.1.1.

e (General case d > 1. Systems with a strictly convect entropy).

For a > 0 in (H1) there exists v > 0 and symmetric, positive definite matrices 4;, j =1,...,d
such that

3 &) (A4D%n(u) + D(u) 4;)&; — o

d 2 d
Te. A
; DF(u) &l 2> Viz; |£]’ ) (H2¥)

v§la"'a§d€Rna u € R™

2.3 Dissipation

The following hypotheses will be relevant to our subsequent discussion.
e The source term G(u) is weakly dissipative in the sense of Definition 2.3.1.

Definition 2.3.1. We say that the source G(u) is weakly dissipative, if

—(Dn(u) — Dn(a)) (G(u) — G(@) >0, wu,ucR"™ (H3-a)

An alternative condition on the source G, exploited in Theorem 5.4.1, reads:

e Suppose that for every compact set A there exists L4 > 0 such that

|G(u) — G(a)| < Lalu—1u|, uveR", ueA. (H3-b)
Through out the article we use the assumptions that G(0) =0 and G € C(R").

2.4 Source potential

For the weakly dissipative source G we employ an additional assumption that it is a gradient:
e Suppose there exists a potential R(u) : R™ — R such that
G(u) = —DR(u) "
R(u) > R(0) =0, DR(0) =0 (H4)
IDR(u)| = |G(u)| < Cr(1+4 R(uw)), ueR™



3 Stability estimates

3.1 Systems with a strictly convex entropy n, d = 1.
The balance law (1.1) for d = 1 reads

Ou+ 0, F(u) =G(u), ueR" (3.1)
and the relaxation model by
Ou+ 0 =0
D0 + Adyu — —é (v—Fu) + / " Gl t) i) (3:2)

with A symmetric, positive definite matrix. In that case the second order relaxation system (1.4)
reads

Ou+ 0, F(u) = G(u) + e(Augy — uy). (3.3)

We now consider the hyperbolic system (3.1) that is equipped with the entropy-entropy flux
pair n — g, with 7 strictly convex, and establish stability results for the relaxation model (3.3).

Lemma 3.1.1. Suppose u = uf(x,t) is a smooth solution to the equation (3.3) on R x [0,T], n—q
is the entropy-entropy flux pair of (3.1) and & € R is fized. Then, the following energy identity
holds

O |:’I’](U + Eut) + %626[ |ut\2 + €2du;Aux

+ &2 ut sal — / / D?n( u—i-ETut)des)ut} + 0xq(u)

+ealu, + DF(w)ug|” + eu, (OJ D2(u )) (3.4)
+eu] <D2 ()A — aDF(u)TDF(u))ux
= 0, (sDn(u)Awr + 2526zutTAum) + Dn(u)G(u) + 2eau, G(u).
Proof. Multiplying (3.3) by u,; we obtain
8t<%5|ut]2 + %euIAux) + |ug]?® + u DF(u)u,
(3.5)

=0y (EutTAuw) + u G(u).
Similarly, multiplying (3.3) by D(u) we get
0r((w) + eDn(u)uz ) + 2 ()
((D%, )" Aug — u D2(u)u ) (3.6)

x(é‘Dn Aux) + Dn(u)G(u).



Now, we multiply (3.5) by 2ae, add (3.6) and use the identity

1 ps
n(u + euy) = n(u) + eDn(u)u; + 2u, </ / D?n(u + eTug) dr ds) Uy (3.7)
0J0
to deduce (3.4). This proves the lemma. O

We now establish the stability of solutions {u®}. For that we will require the matrix A to satisfy
the subcharacteristic condition (H2) and make use of hypotheses (H3-a)-(H4) to control the source
G. In the sequel we will use the notation

)= /R 2 4 2 fus ? + 2o 2 da (3.8)

with u® denoting a solution of (3.3).

Proposition 3.1.2 (Weakly dissipative source). Let {u°(z,t)} be a family of smooth solutions
to the equation (3.3) on R x [0,T]. Suppose that u = u® decays fast at infinity and that:

(a1) (H1) holds true, and the positive definite, symmetric matriz A is such that the subcharacte-
ristic condition (H2) is valid.

(a2) The conditions (H3-a) and (H4) for the source G hold true.

Then for all t € [0,T)

go(t)—i—e/R( (2,1) d:v+//|D77 (u)|dzdt < C (0 —l—z-:/R (@.0)dr)  (39)

with ¢ defined in (3.8) and C = C(A, «, 8) > 0 independent of both € and T.
Proof. By (H1) we have

1 S
0<u (%al—/ / D?n(u + eTug) des)ut < laju. (3.10)
0o Jo
Then, integrating the identity (3.4), with & = «, and using hypotheses (H3-a), (H4) we obtain

/ (n(u +eu) + %62a|ut\2 + e2au) Au, + 25aR(u)> dxdt
R

t
—I-// ev|ug|® + Lealu|? dadt

(3.11)
/ / calug + DF (w)ug 2 + [Dy(u)G(u)| dudt
< /R (n(uo + eugy) + cealug|? + e2ug, Aug, + 2aozR(ug)) dz
with 3 < ¢ < 1. From (H1) it follows that
ae(t) < /R (n(u +euy) + %a52|ut|2 + €2au;—Aux) dzx < cap(t) (3.12)

for some ¢y, c2 that depend on «, 8 and A. Then, combining (3.11) and (3.12), we obtain (3.9).
O



Proposition 3.1.3 (General source). Let {u®(x,t)} be a family of smooth solutions to the equa-
tion (3.3) on R x [0,T]. Suppose that u = u® decays fast at infinity and that:

(al) (H1) holds true, and the positive definite, symmetric matriz A, is such that the subcharacte-
ristic condition (H2) is valid.

(a2) The condition (H3-b) for the source G holds true.

Then,
o(t) < Cp(0), tel0,T] (3.13)

with ¢ defined in (3.8) and C = C(A, «, 5,T, L) > 0 independent of .

Proof. Integrating the energy identity (3.4), with @ = «, and using (H1), (H2) together with
relations (3.10), (3.12) we obtain for 7 € [0, 7]

c1p(1) < ca(0 // Dn(u +25au;rG(u))dxdt. (3.14)

Since G(0) = 0, (H3-b) implies |G(u)| < L|u| and therefore, in view of (H1),
|Dn(u)G(u) + 2e0m, G(u)| < aLlu* + ae?|u® + aL?|ul?.
Then (3.8) and (3.14) imply B
o(r) < c(p0)+ [ ttyar)

with ¢ > 0 depending on ¢1,c2 and L. Then, we conclude (3.13) via the Gronwall lemma. O

4 Compactness properties

This section focuses on systems of hyperbolic balance laws with a strictly convex entropy, d = 1.

4.1 Systems with a strictly convex entropy, d = 1.

Starting with a family {u.} smooth solutions of (3.3) on R x [0,00) the goal in this section is to
control the dissipation measure and to show that

0yn(u®) 4 0xq(u’) lies in a compact set of H,_, LR x RY)

for a certain class of entropy-entropy flux pairs (7, ¢). In the proof we use Murat’s lemma [22].

Lemma 4.1.1 (Murat’s Lemma [22]). Let O be an open subset of R™ and {¢;} a bounded
sequence of W=LP(O) for some p > 2. In addition let ¢p; = x; + ;, where {x;} belongs in a
compact set of H-1(O) and {1;} belongs in a bounded set of the space of measures M(O). Then
{¢;} belongs in a compact set of H=(O).



In the presence of uniform L°°-bounds the compensated compactness framework (cf. Tartar
[27], DiPerna [13]) guarantees compactness of approximate solutions and implies that, along a sub-
sequence, u; — u a.e. (z,t). In the absence of L*°-bounds, convergence of viscosity approximations
in the literature has been established in the context of elastodynamics by Shearer [25] and Shearer
and Serre [26]. The objective in that context is to establish the reduction of the generalized Young
measure to a point mass and to show strong convergence.

Theorem 4.1.2 (Weakly dissipative source). Let {u.} be a family of smooth solutions of (3.3)
on R x [0,T] emanating from smooth initial data. The family {u:} is assumed to decay fast at
infinity. Let the hypotheses of Proposition 3.1.2 remain valid so that the stability estimate (3.9)
holds true with n— q entropy-entropy fluz pair satisfying (H1), and A a symmetric, positive-definite
matriz subject to (H2). Then, for entropy pairs (7,q) satisfying

7l gz, DAz, D7 L~ < C (4.1)
and
ID(v)G(v)] < C(M — Dn(v)G(v)), YveR™, (4.2)
the family
{0im(u®) + 8,q(u®) }_ lies in a compact set of H,L(R x [0, T)). (4.3)

Proof. Let {u} be a family of smooth solutions of (3.3) on R x [0,T]. The goal is to control the
dissipation measure and to establish (4.3) for a class of entropy-entropy flux pairs (7, ¢). It suffices
to establish (4.3) for entropy-entropy flux pairs (7, ) satisfying (4.1). This class of entropy pairs
has been used in the literature in a different context in order to establish the reduction of the
generalized Young measure to a point mass and to show strong convergence.

Starting from (3.3) we obtain

An(u®) + 0q(u) = €0y (DR(u”) Aug) — €0y (Dij(u®)uy)
— el TDP(0) Aug -+ euf TDP(u e + D))
=L+ I+ I3+ 14+ Is.

From (3.9) and (4.1), the terms Iy, Is lie in compact set of H~!, and the terms I3, I; are bounded
in L!. By (3.9) DnG(u) is bounded in L; by initial data (due to the weak dissipation assumption)
and therefore by (4.2) the term D7G(u®) is in a bounded set of L; as well. Therefore, by Murat’s
lemma [22], the sum Y_ I; lies in a bounded set of W =1, O

Following, similar line of argument an analogous result for systems of hyperbolic balance laws
with general source term is established.

Theorem 4.1.3 (General source). Let {u.} be a family of smooth solutions of (3.3) on R x[0,T]
emanating from smooth initial data. The family {u.} is assumed to decay fast at infinity. Let the
hypothesis of Proposition 3.1.3 remain valid so that the stability estimate (3.13) holds true with
1 — q entropy-entropy fluz pair satisfying (H1), and A a symmetric, positive-definite matriz subject
to (H2). Then, for entropy pairs (1, q) satisfying

17l 2=, 1G]l o, [ID7l| o, [ D?7] L < C (4.4)

the family
{&tf](ua) + axq(ug)} lies in a compact set of Hl;i (R x [0,77). (4.5)

£



Proof. The proof follows similar line of argument as the one in Theorem 4.1.2. Starting from (3.3)
we obtain

Oy(u”) + 02q(u”) = e0 (D7(u”) Aug) — €0y (D7(u”)uy)
— eug D*(u”) Aug + euj  D?ij(u)uf + Dij(u®)G(uf)
=L+ 1L+ I3+ 14+ Is.
From (3.13) and (4.4), the terms Iy, I3 lie in compact set of H !, the terms I3, I; are bounded in

L', whereas
|15 = [Dij(u) ' G(u)| < c|uf®

is by Lemma 3.1.3 bounded in L!. Therefore, by Murat’s lemma [22], the sum " I; lies in a bounded
set of W—1o°, O

5 Error estimates via the relative entropy method, d =1

In this section, we establish the convergence of solutions of (3.3) to solutions of (3.1) before the
formation of shocks. In the spirit of [1] we use the modified relative entropy method [12] by
introducing a functional H"® (@, ), which monitors the difference between the solutions @ to
the equilibrium and the solutions u® to the relaxation systems. The presence of the source G in
our work, however, requires us to modify the method significantly. More specifically, in order to
treat the weakly dissipative source GG, which satifies typically no growth restrictions, we need to
introduce the relative potential R" (u,u) (see (5.18) in Section 6.3). This potential becomes part
of a Lyapunov functional monitoring the evolution of the difference between the two sources. In the
case of the general source G the terms associated with the source are treated as error (cf. Section
6.4).

5.1 The decay functional and relative entropy identity.

Let n — ¢ be an entropy-entropy flux pair satisfying (H1). We define the corresponding relative
entropy-entropy flux pair by

H™(@,u%) = n(u® + e(u® —a);) — n(a) — Dn(a) (u® + (v — @), — ) 65.1)
Q" (a,u%) = q(u°) — g(@) — Dy(a)(F(u*) - F(a))
and set the functional
G(u,u®) = Hp(u,u®)
+&?(uf — a)/ (al — D) (uf — ), (5.2)

+e2a(uf — 1)) A(u® — ).,

where A is a symmetric, positive definite matrix, a > 0 a fixed constant defined in (H1) and

1 s
D2p = / / D?n(uf +et(u® — u);) drds . (5.3)
o Jo

10



Lemma 5.1.1 (Relative entropy identity). Let u, u® be smooth solutions to (3.1), (3.3), re
spectively. Then, the following energy identity holds

O G(u, u¥) + 9, Q" (@, u¥) + ea|(u® — @)y + DF (uf) (uf

{ u® —u), (a[ D2 n(u ))(u5 —ﬂ)t}
_ aDF(uE)TDF(uE)) (uf — a)x}

e —m (0

— 0, { Dn(uf) — Dyl ))A(u — ), + 2022 (AuF — a),) | (uf — a)t}

~ (D*(@)a,) " (F(u) = F(a) ~ DF(@)(u” — @)

+ (a1 + az + by + by + 2ea(cy + 02))

where

are the error terms, and

d1 = (Dn(u?) = Dn(®) (G(w*) - G(@)
d» = G(a)" (Dn(u®) — Dn(a) — D*n(@)(w* ~ @

ds = (G(w*) — G(w)) " (u —a);.

are the terms associated with the source G.

Proof. By (H1), (3.1), and (3.3) we have

0 (n(u) —n(@)) + 0z (a(v*) — ¢(a))
= e(Dn(w*) Aug, — Dn(u)ug;) + Dn(u)G(u®) — D

Similarly,

O(u® — a) + 0, (F(u®) — F(a)) = e(Au,

—ug) + G(u®

and hence, after multiplying the above identity by Dn(@), we have

Oy (Dn(ﬂ)(u€ — @)) +
= (D*n(@)ar) ' (v
+ e(Dn(u) Aug,

D*n(v)DF (v)

O (D () (F (u®)

~ F(a)))

_ ﬂ)x

‘ 2

(dl + dy + 2€Oéd3) R

n(@)G(a).

) — G(u)

— @) + 8, (Dn(u)) (F(uf) — F(u))
— Dn(a )Utt) + Dn(u)(G(uv") —

The existence of the entropy-pair n — ¢ is equivalent to the property

=DF(v) ' D*n(v),

11

Yv € R™

G(u)).

(5.6)



and hence, using (3.1), the first term on the right-hand side of (5.8) can be expressed as
(D2n(a)u) ' (uf — @) = —(D*p(a)a,)  DF(a)(u® — a) + G(a) T D?n(a)(u — a).
Combining (5.7), (5.8) and the above identity we obtain

0¢ (n(u®) —n(w) — Dn(a)(u® — u))
(u

+ 0, (a(e) — (@) — Dn(@) (F < > <a>>)
— —(D*n(@).) " (F( )~ DF@( 1) 59)
+ £(Dy(u?) ~ Di(a ))Au = =(Dr(") = D))
+ (Dn(u?) = Dy(@) (G (") - G(@)
+G(@)T (D) - Dn() D(@)(uF — ).

Next, we express the second and third terms on the right-hand side of (5.9) as
(Dn(u®) — Dr(@))u
_ _ A\ T _
= 8t((Dn<uE> — Dn(a)) (u® — u>t) — (D?n(uf)(uf —a)) ' (uf — )

— ((D*n(uf) — D*n(@))a) ' (uf — @) + (Dy(u®) — Di(a))ay

and observe that

n(u® +e(u® —a)) = n(us) +eDn(u®) (uf — @), +&*(u° — @) D2 (uf — a); .
Then (5.1), (5.9) and the last three identities imply

o ™\ (@, w) — 2w — @) Doy (u® — @) |+ 0,Q" (3, )

+e{ (D) (" = w)e) " (uF = @) — (D) (" = w)) " (uF — ) |
- ax{e(Dn(uE) — Dy(a))A(uf — a)m} (5.10)
~ (D*(@)a,) " (F(u) = F(a) ~ DF (@) (u” — )
+ air + ag + big + boy + di + da

with the last six terms on the right-hand side of the above identity defined in (5.5)1 2,34 and (5.6)1 2.

The identity (5.10) is supplemented by a correction accounting for the fact that the third term
is indefinite. The correcting identity is obtained by multiplying the equation

(4 — @)y + DF(u€) (0 — @)y = e AU — W)y — (U — @)yt + &(Aligy — TUay)
+ (G(v*) = G(u)) — (DF(v*) — DF (1)),

12



by (u® — @); and integrating by parts, which leads to

at{l eluf — @ + L e(uf — a)] A(uF — a)m}
T _
+ |uf — @ |* + (DF(u®)(u® — )y) (u® — @)y (5.11)
{ (A x)T(ug—ﬂ)t}+clt+Cgt+d3
with the terms on the right-hand side defined in (5.5)5 ¢ and (5.6)s.

Finally, multiplying (5.11) by 2ae and adding the resulting identity to (5.10) we obtain (5.4). [

5.2 Preliminary estimate of G

In this section we establish a preliminary estimate for the functional G (@, u®) employed in the proofs
of Theorem 5.3.1 and Theorem 5.4.1. For this purpose we define

_ / [ — 2+ &2|(@ — u)o 2 + £2|( — u)e [ der (5.12)
R

used in our further analysis, where u, u are smooth solutions to the equilibrium and relaxation
system, respectively.

Lemma 5.2.1. Let @, u® be smooth solutions of (3.1), (3.2), respectively and suppose that both u,
u® decay sufficiently fast at infinity. Suppose that:

(al) (H1) holds true and the positive definite, symmetric matriz A, is such that the subcharacte-
ristic condition (H2) is valid.

(a2) For some M > 0
D?F(u < M, D377u <M, ueR".

Then,

(i) There exists c1,ca > 0 independent of € > 0 such that

aU(t / G(u,u)dr < ca¥(t). (5.13)

(7i) The functional G(u,u®) is positive definite and satisfies

d
dt/R g(ﬂ,u‘g)dw—i-sE/R Jus — Tig|* + [uf — g|? da

(5.14)
< C(T, a)(q/(t) + 52) + /R<d1 + dy + 2€ad3> dz

with dy,ds, ds defined in (5.6) and C = C(T,u) > 0 independent of €.
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Proof. From (H1) and (5.1); we have
Blu + e(u® — ) — a)® < H @, v®) < afu® +e(u® —a); —al. (5.15)

Also, (H1) and (5.3) imply
1 prs
ol > ol — D% =al —/ / Dzn(ua +er(uf —u)) drds > ial. (5.16)
o Jo

Combining (5.2), (5.15), (5.16) and recalling that A is symmetric, positive definite we get (5.13).
Next, integrating (5.4) we use (H2) and (5.16) to conclude

jt/]R G(u,u®)dx + EC/R (@ — uf) | + (@ — u®)|? da
< / {|(O*(@)a,) " (F(u) = F(a) - DF(a)(w* - )| (5.17)
R
+ ‘(11 +ag + by + by + 2ea(c + c2)‘ +dy +do + 2€ad3} dx

By (a3) we have
[ l05@a) " (P - F@ - DF@ e - )| ds < © -~ al?:

and the error terms in (5.5) are estimated by
laallpr < eCllae]lpoo lu® — allpz lJuf — @ellpe [zl < eCllawll s [[u® —all
111 < eCltal| oo (U = tll 2 [lug — Gallpz [[b2llr < €C[Uaall e [lu” —ull 2

and
lecillr < E2C(Nawll o + 1taall2) llug — @l 2

lecallpr < eClluall poo [[u” — @l g2 [Jug — @l 2
where C'is a generic constant that depends on a, M and norms of @. Then, by (5.13), (5.17) and
the above estimates we obtain (5.14). O
5.3 Error estimates. Weakly dissipative source G(u)

To establish the convergence result for weakly dissipative source we introduce the relative potential
R (@,uf) := R(uf) — R(@) — DR(@)(u — @) > 0 (5.18)

which is well-defined whenever G € C1(R"). As we will see in the next theorem the smoothness
of G, which in our work is in general assumed to be C(R™), will have an impact on the rate of
convergence.

Theorem 5.3.1. Let @(x,t) be a smooth solution of the equilibrium system (3.1), defined on R x
[0,T]. Let {u®} be a family of smooth solutions of the relazation system (3.2) on Rx[0,T]. Suppose
that both @ and u® decay sufficiently fast at infinity and that:

14



(al) (H1) holds true and the positive definite, symmetric matriz A, is such that the subcharacte-
ristic condition (H2) is valid.

(a2) For some M >0
D?F(u < M, D377u <M, ueR".

(a83) The conditions (H3-a), (H4) on the source term hold true.

Then for all t € [0,T]
U(t) + 5/ R(u®(z,t))dx < C<\1J(O) + 5/ R(u(x,0))dx + 5) (5.19)
R R
with C' = C(u, o, B,v, M, T) > 0 independent of .
If, in addition, G € C?(R™) then for all t € [0, T]
U(t) + 5/ (R (a,uf)](z,t) dz < C’<\Il(0) - z—:/ (R (a,uf)] (2, 0) dz + 52> . (5.20)
R R

Proof. By (H1), (H3-b), and (5.6) we obtain

di < (Dn(u”) — Dn(u))(G(u?) — G(u)) <0
dy < a|G(@)] oo [u® — al® (5.21)
edy < —e0iR(u®) + eCr(1 + R(u®))|ts| + |G ()| |ug — .

Then, combining (5.14) and (5.21) we obtain
/g dx—l—ec/ s — g |* + |u§ — a|* do
< C(\I/(t)+5 ) +2eaCh (|l +Hut||Loo/R(u€)dx> (5.22)
R

5 _
—2504/ ?)dx + i /\G \zdx—l—zc/ Ju — g |* da.
R

Integrating the above inequality, and using (H1), (H4), (5.13) and (5.12), we obtain

\I/(t)—l—E/RR(uE(a:,t))dm

§C<\II(O)—i—a/RR(uE(x,O))da:—i—/ot{\Il(s)—l—a/RR(ua(x,s))dx}ds+5t+52t>

and conclude (5.19) via the Gronwall lemma.

Suppose now that G € C?(R"™). Then, using (H4) and (5.18), we obtain
O (R (u,u®)) = —G(u®) "u§ + G(u) "ar + G(a) " (uf — )y
— (D*R(w)ty) " (u° — 1) (5.23)
= (G(a) - G(u*)) "uf — (D*R(a)a) " (u° — @)
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Then, using (H4), (5.6)3 and (5.23), we obtain

ds = (G(w) = G(@)) ' (v — @)y

—0, (R (u,u%)) — (D*R(u)u,) " (v — 1) — (G(u) — G(w)) Ty (5.24)
—0 (R (u,u®)) + @ (DR(u) — DR(@) — D?R(a)(u® — u)) .

Then, combining (5.14) with (5.21); 2 and (5.24), we obtain
d — e = € = 12 € = |2
— [ G(u,u®)dx +ec | |ul, — ug|” + |uf — w|* dx
dt Jr R
= 2 d rel (~ €
< C(T,u) <\Il(t) +e ) - 28ozdt R™(u,u") dx (5.25)

+2a /R {af (DR(u?) — DR(z) — D2R(@)(uf — @) } dz .

Now, we estimate the last term on the right-hand side of (5.25). By assumption on 4 there
exists a compact set K C R™ such that

u(z,t) e £, (z,t) e Rx[0,T].
Thus, we can take large enough M > 0 such that
K c By and |a(z,t)—v|>1 forall ve By%, (z,t) € Rx[0,T], (5.26)
where Bj; denotes a ball of radius M. Then, since G = —DR € C?(R"), we obtain

A = sup (\R(v)|+\DR(v)\+]D2R(v)]+]D3R(v)]> <0 (5.27)

vEByy
Fix (x,t) € R x [0,T]. Suppose u(z,t) € Bys. Then by (5.27)
IDR(uf) — DR(@) — D?R(a)(u® — @)] < A¥ |uf — al?. (5.28)
Suppose now that u®(z,t) € By©. Then, by (5.26) we have |uf(z,t) — @(z,t)| > 1. Hence

0 < R(u®(z,t)) = R™(a,v°) + R(a) + DR(@)(u — @)

5.29
< max(R", |u® — a|?) <1 + 2)\]‘G4> . (5.29)
Then, using (5.27), (5.29) and (H4), we obtain
IDR(u®) — DR(@) — D*R(a)(u — @)
oy ( IDR(u7)]
< 2max(R(u®), [uf — al? (|+)\M)
(RGw). = o) sy + 3 50

< 2max(R(uf), |u® — u|?) (Cr + \Y)
< Cmax(R™, |uf —a)?)
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for some C' > 0 that depends on /\g and Cp.

Since (x,t) is arbitrarily chosen, combining (5.28) and (5.30), we conclude
IDR(uf) — DR(@) — D*R(a)(uf — @)| < C max(R™ (uf), |u® — u|?) (5.31)

for all (z,t) € R x [0,T]. Thus

20 /R {aj (DR(«f) — DR(a) — D2R(a)(uf — 1)) } dz

< C(a/ RTEI(u,uE)dx+€/ |u—u52dx).
R R

Then, integrating the inequality (5.25) in time, and using the (5.13), (5.12), and (5.32), we obtain

(5.32)

W(t)+e /R (R (a1, 08 (2, 1) de

< C<\I!(O) +5/ (R (a,uf)] (2, 0)dz (5.33)
R
+ / {\I/(T) + 5/ [Rrel(a,us)] (x,7) dx}dT + €2>
0 R
which along with the Gronwall lemma implies (5.19). O

5.4 Error estimates. General source G(u)
We now consider the source term that satisfies the alternative hypothesis (H3-b).

Theorem 5.4.1. Let u(x,t) be a smooth solution of the equilibrium system (3.1), defined on R x
[0,T]. Let {u¢} be a family of smooth solutions of the relazation system (3.2) on Rx[0,T]. Suppose
that both u and u® decay sufficiently fast at infinity and that:

(al) (H1) holds true and the positive definite, symmetric matriz A, is such that the subcharacte-
ristic condition (H2) is valid.

(a2) For some M >0
ID*F(u)] < M, |Dp(u)] <M, wueR"

(a8) The condition (H3-b) on the source term holds true.

Then,
U(t) < C(T(0)+¢%), tel0,T] (5.34)

with ¥ defined in (5.12) and C' = C(u, o, B,v, M, T) > 0 independent of .

Proof. Let A C R™ denote a set such that u(x,t) € A for every (z,t). Then (H1), (H3-a), (H4)
and (5.6) imply

di < |uf — al|G(u®) — G(u)| < Lalu® — ul?
dy < o||G(@)]| poo [u® — uf? (5.35)
edy < eLylu® — al|(u® — )] < Li‘]ug — E\Q + 82\(u5 — ﬂ)t\z )
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Then, combining (5.12), (5.14) and (5.35), we obtain
i — & — e __ = |2 e _ =12 2
G(u,u)dx +ec | |ul —uzl” + |uf —w|*de < C(¥(t) +°).

Integrating the above inequality, and using (5.13), we obtain

U(t) < C(\IJ(O) + /Ot W(s)ds + €2>

and conclude (5.34) via the Gronwall lemma. O

6 Multidimensional case

In this section we state our results for multidimensional systems. The proofs of these theorems
follow similar line of argument as the ones presented in the earlier parts of this article, and therefore
are here omitted.

We define

o(t) == / [uf|? + e2|Duf|? + 2 |uf|? da (6.1)
Rd
U(t) := / 1@ — uf|? + e2|Da — Duf|? 4 2| (a — u®);|? dx (6.2)
R
which are used in the next two subsections.

6.1 Systems with weakly dissipative source G, d > 1
The first result is the analog of Proposition 3.1.2 on stability.

Proposition 6.1.1. Let {u(x,t)} be a family of smooth solutions to the system (1.4) on RZx [0, T].
Suppose that u = u® decays fast at infinity and that:

(a1) (H1) holds true, and the positive definite, symmetric matrices A;, j =1,...,d are such that
the subcharacteristic condition (H2*) is valid.

(a2) The conditions (H3-a) and (H4) for the source G hold true.

Then for all t € [0,T]

¢
o(t) + g/Rd R(u®(x,t)) dx + /0 /Rd |Dn(u)G(u)|dzdt < C’(cp(O) + E/]Rd R(u®(z,0)) d:c) (6.3)
with ¢(t) defined in (6.1), R(u) defined in (H4) and C = C(A, «, B) > 0 independent of €, T

The next theorem is the analog of compactness Theorem 4.1.3
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Theorem 6.1.2. Let d > 1. Let {u:} be a family of smooth solutions of (3.3) on R? x [0,T]
emanating from smooth initial data. The family {u:} is assumed to decay fast at infinity. Let
the hypotheses of Proposition 6.1.1 remain valid so that the stability estimate (6.3) holds true with
n — q entropy-entropy flux pair satisfying (H1), and A;, j = 1,...,d, symmetric, positive-definite
matrices subject to (H2*). Then for an entropy pair 7] — § satisfying the growth conditions

1]l o<, 1l o<, | Difll oo, [D?7]| oo < C

and

ID(v)G(v)| < C(M — Dn(v)G(v)), YveR"
the family

d
{@ﬁ(ue) + Z aquj(ue)} lies in a compact set of H,;}(R% x [0, T]).
3
j=1

The next theorem is the analog of Theorem 5.3.1 on convergence.

Theorem 6.1.3. Let u(z,t) be a smooth solution of the system (3.1), defined on R? x [0,T]. Let
{uf} be a family of smooth solutions of the relazation system (3.2) on R x [0,T]. Suppose that
both u and u® decay sufficiently fast at infinity and that:

(al) (H1) holds true and the positive definite, symmetric matrices A;, j = 1,...,d are such that
the subcharacteristic condition (H2*) is valid.

(a2) For some M >0

|D*Fj(u)| < M, j=1,...,d, |D?np(u)| <M, uecR"

(a3) The conditions (H3-a) and (H4) for the source term G hold true.

Then for all t € [0,T]

U(t) —l—e/ R(u®(x,t))dx < C’<\I/(0) +¢ | R(u(x,0))ds +E>
R

R4

with U defined in (6.2), R(u) defined in (H4) and C = C(u, o, B,v, M,T) > 0 independent of €.

If, in addition, G € C?(R™) then for all t € [0, T]

U(t) + E/Rd [Rrel(ﬁ,u‘f)] (x,t)dx < C(\I/(O) + E/R [Rrel(ﬂ, u®)](z,0) dz + 62>

d

where

R (a,uf) := R(u°) — R(#) — DR(@w)(u —a) > 0.
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6.2 Systems with general source G, d > 1

Proposition 6.2.1. Let {u®(z,t)} be a family of smooth solutions to (1.4) on RY x [0, T]. Suppose
that v = u® decays fast at infinity and that:

(a1) (H1) holds true, and positive definite, symmetric matrices Aj, j =1,...,d are such that the
subcharacteristic condition (H2*) is valid.

(a2) The condition (H3-b) on the source G holds true.

Then
p(t) < Cp(0), tel0,T] (6.4)

with ¢ defined in (6.1) and C = C(A,«, 5,T, L) > 0 independent of € and T

Theorem 6.2.2. Let d > 1. Let {u:} be a family of smooth solutions of (3.3) on R? x [0,T]
emanating from smooth initial data. The family {u:} is assumed to decay fast at infinity. Let
the hypotheses of Proposition 6.2.1 remain valid so that the stability estimate (6.4) holds true with
n — q entropy-entropy flux pair satisfying (H1), and A;, j = 1,...,d, symmetric, positive-definite
matrices subject to (H2*). Then for an entropy pairs 1 — q satisfying

7]l o<, Il o<, | Difll oo, [D?7]| oo < C

the family

d
{@ﬁ(ue) + Z(")quj(ua)} lies in a compact set of H,;}(R% x [0, T]).
£
j=1

Theorem 6.2.3. Let u(x,t) be a smooth solution of the system (1.1), defined on R x [0,T]. Let
{uf} be a family of smooth solutions of the relazation system (1.2) on R? x [0,T]. Suppose that
both u and u® decay sufficiently fast at infinity and that:

(al) (H1) holds true and the positive definite, symmetric matriz A, is such that the subcharacte-
ristic condition (H2*) is valid.

(a2) For some M >0

D?Fj(u)| < M, j=1,...,d, [D’p(u)] <M, ueR"™

(a3) The condition (H3-b) for the source term G holds true.

Then
U(t) < C(T(0)+%), tel0,T]

with ¥ defined in (6.2) and C = C(u, o, B,v, M,T) > 0 independent of .
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7 An alternative relaxation model

In this section we consider an alternative relaxation model for the system of hyperbolic balance
laws (1.1) given by

d
Opu+ Y 0pvj = G(u)
st (7.1)

Op; + AiOr,u = —l(vi - Fy(u)), i=1,....d

9

with u,v; € R" and A; symmetric, positive definite matrix. Excluding v; from the equation (7.1);
and assuming G € C'(R"), we obtain

d d
Oru + Z Oz, Fj(u) = G(u) + €04(G(u)) + 6(2 Ajg o, — utt> (7.2)
j=1

Jj=1

that approximates the system of balance laws (1.1). We remark that the treatment of such relax-
ation systems presents several challenges. More specifically, the time derivative of the source term
appear in the energy functional posing enormous difficulties in the analysis, an additional hypot-
hesis is required for the establishment of stability (see (HT7), Section 6), the issue of compactness
is problematic. In the next two subsections we will study the stability and compactness properties
of solutions to (7.2) in order to point out the advantages of the relaxation model (1.2). We restrict
the analysis to weakly dissipative systems of hyperbolic balance laws equipped with strictly convex
entropy, d = 1.

7.1 Weakly dissipative systems with strictly convex entropy, d =1
The system (7.2) for d = 1 reads

0w+ 0. F(u) = G(u) + £0:(G(u)) + e(Augy — ugt) (7.3)
where A is symmetric, positive definite matrix. Following the arguments of Lemma 3.1.1 we obtain:

Lemma 7.1.1. Suppose u = u®(z,t) is a smooth solution to the equation (7.3) on R x [0,T], n—q
is the entropy-entropy flur pair of (3.1) and & € R is fized. Then, the following energy identity
holds

Oy [n(u + ewy) + 3%alu ) + 2au, Au,

+ %) ( Lot —/01/08 D2p(u + eTuy) deS) ut] + Ouq(u)
+cafu + DF(u)ug|” + eul (071 . Dzn(u))ut (14)
+eu) (D2n(u)A - aDF(uWDF(u))um
~ 9, <5D77(u)Aum +22aqu, Aux)
+ Dn(u) (G(u) + sat(c;(u))) + 2eau] (G(u) +20(G(w)).
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In our further analysis we will employ the following elementary lemma.

Lemma 7.1.2 (Weak dissipation of a gradient). Suppose n(u) satisfies (H1), and G(u) € C*
satisfies (H3-a), (H4). Then

—DG(u) =D?*R(u) >0 forall uweR". (7.5)
In addition, if 7(u) : R™ — R satisfies D*7(u) > 0, then
—D%7(u)DG(u) = D?j(u)D*R(u) >0 for all u € R™. (7.6)
Proof. From (H3-a), (H4) it follows that
—2"'D*(u)DG(u) 2z = 2" D*p(u)D*R(u)z > 0 for all u, z € R™.
Fix u € R™. Let (\,v) be an eignepair of D?R(u). Then the above inequality implies
0 <v'D%n(u)D*R(u)v = )\(UTDQn(u)v).

Recalling that D?n(u) > 0 and v # 0, we conclude that A\ > 0. Hence all eigenvalues of D?R(u) are
nonnegative. Since D?R(u) is a symmetric matrix this is equivalent to D2 R(u) > 0.

Next, suppose 7j(u) is a strictly convex function. Then (7.6) follows from the fact that D27,
D?R are symmetric, nonnegative definite matrices. O

Remark 7.1.3. Note that the requirement of uniform convexity for n(u) in Lemma 7.1.2 can be
replaced with strict convexity. Thus, when G is a gradient, weak dissipation of G with respect
to some strictly convex entropy automatically yields weak dissipation with respect to any convex
entropy, a property which is not in general satisfied.

To establish the stability of solutions to (7.3) we will employ an additional hypothesis:
e Suppose there exists S : R” — R such that

Dn(u)DG(u) = =DS(u), uweR"

S(u) > S(0) = 0. (H5)

Remark 7.1.4. We note that the hypothesis (H5) is a severe assumption. It is motivated by the
following observation. Suppose that the entropy n(u) = 3|u|?, and (H3-a), (H4) hold true. Then,
Dn(u)DG(u) = u' D*R(u) = —DS(u) with S(u) = DR(u)u — R(u).

Moreover, by Lemma 7.1.2 it follows that D?R > 0 and hence S(u) > S(0) = 0.

Proposition 7.1.5. Let {u(z,t)} be a family of smooth solutions to the equation (7.3) defined on
R x [0,T). Suppose that u = u® decays fast at infinity and that:

(al) (H1) holds true, and the positive definite, symmetric matriz A is such that the subcharacte-
ristic condition (H2) is valid.
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(a2) The conditions (H3-a), (H4), and (H5) for the source G € C*(R™) hold true.

Then for all t € [0,T]
o) + E/R {S(UE(x,t)) + R(ua(x,t))} dz + /;/R IDy(w)G (u)| dzdt
< C'<90(0) + S/R {S(ua(ac,O)) + R(u(z, 0))}dz>

with ¢ defined in (3.8) and C' = C(A,«, B) > 0 independent of both e and T

Proof. Using (H4), (H5) we rewrite the last four terms on the right-hand side of (7.4), with a = «,
as follows

(Dn(u)G(u) + eDn(u) 3 (G (w)) + 2eu] G(u) + 2%au, Ot(G(u)))

(7.8)
= (Dn(u)G(u) — 252autTD2R(u)ut) — g0, (S(u) + 2aR(u)> =1 + Is.
Since G € C!, by (H1), (H3-a), (H4) and Lemma 7.1.2
au) D*R(u)u; > 0. (7.9)

Thus, by (H3-a) and (7.9) we conclude I; < 0. Then, integrating the identity (7.4), with & = a,
and employing hypotheses (H1), (H2), (H3-a), (H4), (H5) along with (3.10), (3.12) and (7.8), we
conclude (7.7). O

7.2 Compactness issues

Let {uc} be a family of smooth solutions of (7.3) on R x [0, T] emanating from smooth initial data.
The family {u.} is assumed to decay fast at infinity. Let the hypotheses of Lemma 7.1.5 remain
valid so that the stability estimate (7.7) holds true with n — ¢ entropy-entropy flux pair satisfying
(H1), and A a symmetric, positive-definite matrix subject to (H2). Let the entropy pairs (7, q)
satisfy (4.1) and the growth condition holds (4.2). We now show that, in general, one may not
expect compactness from the family {9;7(u®) + 0,q(u®)}.

We follow the arguments of Theorem 4.1.2. Starting from (7.3) we obtain
Op(u”) + 02q(u”) = €0, (Dij(u”) Aug) — £0; (Dij(u®)uy)
— eus T D2 7(u®) Al + eus T D27(uf)us
+ D7(u®)G(u®) 4+ eDi(u®) DG (uf)ug
=L + 1o+ I3+ Iy + I5 + Is.

As before from (4.1), (4.2) and (7.7), it follows that the terms Iy, I3 lie in compact set of H~!, and
the terms I3, I4, I5 are bounded in L'. However, the term I is, in general, neither in a bounded
set of the space of measures nor in a compact set of H~!: for the former one must have a control
of eDG in L?, and for the latter a control of eG in L?, which follows from the relation

Is = 0;(Dij(u®)eG (u)) — (DQﬁ(uE)uf)TaG(UE) .

The stability estimate (7.7), however, does not provide such bounds. Thus, Murat’s lemma is not
applicable and the issue of compactness appears problematic.
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8 Applications

8.1 Elasticity system

Consider the relaxation of the (isothermal/isentropic) elasticity system with a source term:

g(u,v)

= G(u,v) = [ 0 ] . (8.1)

In the context of gas flow, u is specific volume ( u = 1/p), thus constrained by u > 0. In the context
of the thermoelastic bar, u is the strain, likewise constrained by w > 0. Finally, in the context of
shearing motion, u is shearing, which may take both positive and negative values. In the gas case,
it is traditional to use the pressure p = —o, instead of o.

In the present context, the stress o(u) is assumed to satisfy

0(0)=0 and 0<~vy<o'(u)<D forall ueR" (8.2)
We assume that g(u,v), with g(0,0) = 0, satisfies one of the following:
(i) Either g is independent of u, that is g(u,v) = g(v), and satisfies
(9(v) —g(@))(v—2) <0, Vv,0eR (8.3)
which corresponds to a frictional damping.
(ii) or for every compact set A C R? there exists L4 > 0 such that
19(u,0) — 98, 9)| < La(lu — &l + o — 7]) (3.4)
for all (u,v) € R?, (u,v) € A.

The system (8.1) is equipped with the entropy - entropy flux pair 7, ¢ given by
u
n(u,v) = %UQ +3(u), q(u,v)=—0c(u)v with X(u) ::/ o(r)dr. (8.5)
0
For the system (8.1) the second order relaxation system (3.3) reads

Mt_ L—EMLZ L;(Z,v) “(A . - H) (8.6)

Observe that by (8.2) and (8.5) hypotheses (H1)-(H2) are satisfied with

a=max(2I',1), [ =min(y,1), A=2al. (8.7)
Suppose that (8.3) holds true. Then

(Dn(u,v) = n(@,0)) (G(u,v) = G(a,)) = (v = 0)(g(v) — 9(v)) <0
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and hence G satisfies (H3-a). Furthermore, setting
v
R(u,v) := / g(0)do we get G(u,v) = —-DR(u,v), R(0,0)=0
0

which gives (H4). Thus, one may employ Proposition 3.1.2 to obtain the stability estimate (3.9)
and Theorem 5.3.1 to obtain the error estimate (8.6) that holds before the formation of shocks.

Similarly, suppose (8.4) holds true. Then clearly G satisfies (H3-b) and one may use Proposi-
tion 3.1.3 and Theorem 5.4.1 to obtain the stability estimate (3.13) and the error estimate (8.6),
respectively.

The stability estimates (3.9) and (3.13) suffice to apply the LP theory of compensated compact-
ness. In the spirit of [21, Theorem 1] we prove the following convergence theorem.

Theorem 8.1.1. Let o(u) satisfy (8.2) and suppose also

(w—up)g”(u) #0 for u+uy and ¢", ¢" € L? ﬂLOO. (8.8)

Let (u®,v%) be a family of smooth solutions of (8.1) defined on R x [0,T) emanating from smooth
initial data subject to e-independent bounds

©(0) =/ (u62+v82>d:c+62/ <|u‘6x\2+ \ugt\z)d:p < Cy.
R R

Let A be a symmetric, positive definite matrixz satisfying (8.7) and let g(u,v) satisfy either (8.3) or
(8.4). Then, along a subsequence if necessary,

ut —u,v° > v, ae (x,t) and in L (Rx (0,T)), for p<2.

Proof. Let (u®,v%) be a family of solutions to (8.6). The proof uses the theory of compensated
compactness [27]. Typically, in such proofs, the goal is to control the dissipation measure and to
show that

{8t77(u€,v6) + qu(ue,vg)} lies in a compact set of H;,! (R x (0,7)) (8.9)
13

for a class of entropy-entropy flux pairs 77 — ¢ for the equations of elasticity. In the presence of

uniform L*°-bounds, the theorem of DiPerna [13] guarantees compactness of approximate solutions

and implies that, along a subsequence, u* — u and v — v a.e. (z,1).

In the present case L'-estimates are only available in the special case that A is a multiple of
the identity matrix (see [23]) and, in view of (3.9) and (3.13), the natural stability framework is
in the energy norm. Convergence of viscosity approximations to the equations of elastodynamics
in the energy framework is carried out in Shearer [25] (for the genuine-nonlinear case) and Serre-
Shearer [26] (for loss of genuine nonlinearity at one point). In [25] two classes of entropies, with
growth controlled by the wave-speeds at infinity, are constructed ([25, Lemma 2]) for which Tartar’s
commutation relation is justified (see [25, Lemma 2]) and are used to show that the support of the
(generalized) Young measure is a point mass ([25, Lemma 7, Theorem 1-(iii)]). When o(u) has
one inflection point, the reduction of the Young measure is performed in [26, Lemma 3] and [26,
Section 5].
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To ensure the dissipation estimate, we employ the growth assumption (8.2), the subcharacte-
ristic condition (8.7)3 and the assumption on the source (8.3), (8.4). Then it suffices to establish
(8.9) for entropy pairs 77 — g satisfying

7]z . llgl| e , D] Lo , [[D?*7l 2 < C. (8.10)

This class of entropy pairs contains (under the assumption (8.2)) the test-pairs that are used in
[25, 26] in order to prove the reduction of the generalized Young measure to a point mass and to
show strong convergence in Lf . for p < 2. Hypothesis (8.8) reflects the assumptions needed in
those works. To complete the proof, we show that (8.9) holds for entropy-entropy flux pair 7 — ¢
satisfying (8.10).
First suppose that g(u,v) satisfies (8.3). Then by (8.5)

Di(u, )G (u, )| = [f(u, v)g(v)] < C(M +DnG(u,v)), M= max|g(v)]- (8.11)
The inequality (8.11) is the analog of the condition (4.2) used in Theorem 4.1.2 (in which case, the
condition (4.2) is automatically satisfied for the elasticity system (8.1)). Then by (8.10), (8.11),
and Theorem 4.1.2 we conclude (8.9).

Suppose now that g(u,v) satisfies (8.4). Then G satisfies (H3-b) and hence from (8.10), (8.11),
and Theorem 4.1.3 we obtain (8.9).

O
We remark that the alternative relaxation system (7.3) reads
u u
+5<A — [ ] ) . (8.12)
v v
TT tt

S(u,v) = —g(v)v — R(u,v) we get Dn(u,v)DG(u,v) = vg (v) = —DS(u,v), S(0,0) =0

9(u,v)],

Then setting

which gives (H5). Thus, the stability of solutions to (8.12) follows from Proposition 7.1.5.

8.2 Isentropic combustion model

The governing equations for chemical reaction from unburnt gases to burnt gases in certain physical
regimes (in Lagrangian coordinates) read [7]:
Ov —0,u=0
Ou+ 0z (P(v,s,2)) =0
8t(E(v, s, 7))+ %uQ + qZ)lt + 0z(uP(v,8, 7)) =r
hZ + Kp(O(v,s,2))Z =0

(8.13)

The state of the gas is characterized by the macroscopic variables: the specific volume v(z,t), the
velocity field u(z,t), the entropy s(x,t) and the mass fraction of the reactant Z(x,t), whereas the
physical properties of the material are reflected through appropriate constitutive relations which
relate the pressure P(v, s, Z), internal energy E(v,s,Z) with the macroscopic variables. Here, and
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in what follows, ¢ represents the difference in the heats between the reactant and the product, K
denotes the rate of the reactant, whereas ¢(6) > 0 is the reaction function. The function r(x,t)
represents a source term (additional radiating heat density).

In this section we address the problem of relaxation to the isentropic combustion model

—u 0
ul + | P2z)| = 0 (8.14)
z], 0 ], —Kp(O(v,Z2))

that arises naturally from the system (8.13) by externally regulating r to ensure s = so [10]; in the
sequel we suppress the variable s and use the notation

P(v,Z):= P(v,s0,2), O(v,Z):=0(v,s0,%).

We impose the following requirements on P, © (see [16] for the motivation):
(al) Motivated by the physical property 9, P < 0 we assume that

0<v<—-0,Pv,Z)<T, veR,Ze|0,1].
(a2) There exists C' > 0 such that

‘/ Pzz(T, Z)dT‘ <C, 10zP(v,2)|<C, veR,Zecl0,1].
0

(a3) The composition ¢ o O of the rate and constitutive temperature functions satisfies for some
L>0

£(0(v, 2)) — ¢(6(v, 2))| < Ll(v, 2) — (5, Z)| (8.15)
for all (v,2),(v,Z) € R x [0,1].

Under (al)-(a3) the system (8.14) admits an entropy-entropy flux pair 7, g of the form:
1 v
oo 2) =y = ([ Pr.2)ir) 4 B2). a0 2) = Plo. 20
0

with B(Z) an arbitrary function. To ensure the convexity of  we assume, in addition to (al)-(a3),
that

9 .
B"(Z) > <1+fc2+c), Ze0,1],

in which case

0 < min (g, 1) < D2(v,u, Z) < max (1, r+C, %02 n 26). (8.16)
For the system (8.14) the second order relaxation system (3.3) reads
—u 0 U U
ul + |Pv2)| = 0 +e (A v —|v )
z], 0 ], —Kp(©(v,2)) z] .. z],
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Clearly by (8.16) hypotheses (H1) and (H2) are satisfied with
_ ~ 2 A2 A — min (L _
a—max(l,F+C,FC —1—20), ﬁ—mln(2,1), A =2al

while, in view of (8.15), the source G satisfies (H3-b). Thus, one may use Proposition 3.1.3, Theorem
4.1.3 and Theorem 5.4.1 to conclude about the stability, compactness and the error estimates before
the formation of shocks, respectively.
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